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Lecture 6 
Liquid-Liquid Extraction (LLE)
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Intended learning outcome 

1. To compare liquid-liquid extraction with distillation. 

2. To calculate number of stages required for liquid-liquid extraction using similar concepts as in 
distillation (equilibrium curve and operating line). 

3. To analyze several cases for contact between fluid stream (countercurrent and cocurrent 
directions, concentrated feed). 

4. To derive analytical expression (Kremser equation) for determining the number of stages.
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Solvent Selection for liquid-liquid extraction

1) High solubility towards solute                                                  higher degree of extraction 

2) Immiscible or only partially miscible with the diluent               easier to separate solvent 

3) Chemically stable                                                                     less issues with degradation 

4) Nontoxic                                                                                    easy to handle 

5) Noncorrosive                                                                             no damage to equipment 

6) Environmental friendly                                                               no damage to environment 

7) Inexpensive (readily available)                                                 low capital cost 

8) Low viscosity                                                                             lower operating cost in mixing

Ideal solvent: 



4

Taken from Diffusion: Mass transfer in fluid system by Cussler

Industrial perspective

Separation of acetic acid from water: organic solvent (isopropyl ether) is used to extract acetic acid.
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3 (diluent, solute, solvent)

2 (diluent, solvent)

Degree of freedom  
(number of variable vs. no of equation)

Components: 

Phases:

1. Pressure (isobaric operation, e.g., 1 bar) 

2. Solute concentration in Feed 

Gibbs phase rule : ℱ = 2 − Nphase + Ncomponent

Gibbs phase rule : ℱ = 2 − 2 + 3 = 3

3. Temperature (isothermal operation) 
Different from distillation column 

where temperature  
varies in the column 

Source: Materials Circular Economy, 2, 10, 2020

Choice for independent variables

Diluent: water

Solvent
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Mass separating agent 
(Solvent)

Diluent + solute  
(liquid feed)

yin amount of solute

xin amount of solute

Liquid-liquid extraction carried out in continuous 
steady-state manner 

Medium that carries solute

Direction of  
mass transfer

y = kDx

Equilibrium relationship between 
absorbed solute in solvent (y) and 
solute in the diluent (x) 

Solvent +  
solute 

(Extract)

yout

Depleted 
Diluent 

(Raffinate)
xout



Separation process Equilibrium-stage Steady-state

Distillation Yes Yes

Liquid-Liquid Extraction Yes Yes

Absorption Yes Yes

Membranes No (diffusion) Yes

Adsorption No (diffusion, convection) No
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Liquid-liquid extraction 

For LLE, we will setup the problem in similar manner to distillation. 

Equilibrium relationship: y =f(x) between streams leaving an equilibrium stage. 

Operating line: y =g(x) between streams that meet at the stage.
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Countercurrent extraction from a dilute solution using an 
immiscible solvent 

Key highlights

Dilute solution: A constant distribution ratio (Kd  = y/x), independent of x 

Immiscible phases (solvent and feed): Mass/mole balance becomes simple. 

Countercurrent extraction: Most common configuration (feed and solvent phases flow in opposite 
direction).  

With these info, we can model the operating line

Feed, F, xin

Solvent, S, yin

(Solute, A, dissolved  
with a mole fraction xin, in a diluent, D) Raffinate, R, xout

(Solute depleted diluent)

Extractor 
Stage j

Extract, E, yout

(Solute enriched solvent)
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Analogy from the distillation column

Multi-staged Liquid-liquid extraction 

At stage j

1. xj and yj are in equilibrium 

2. (xj-1, yj), and (xj, yj+1) are part of the operating line

Kd = f(T, P, pH) 

Dilute solution assumption:  

S = E 
F = R

Similar to CMO assumption in distillation column

kd =
yj

xj
; does not change from stage to stage (dilute assumption)
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Stage 1 Stage 2 Stage j Stage  
N-1

Stage  
N

Feed, R, x0

Extract, E, y1 Solvent, E, yN+1

Raffinate, R, xN

y2

x1

E, yj

R, xj-1 R, xj

E, yj+1y3

x2

yN-1

xN-2

yN

xN-1

Multi-staged Liquid-liquid extraction: cascade diagram 

Eyj+1 + Rx0 = Ey1 + Rxj

yj+1 =
R
E

xj + (y1 −
R
E

x0)

Eyj + RxN = EyN+1 + Rxj−1

yj =
R
E

xj−1 + (yN+1 −
R
E

xN)

y = R
E
x +( yN+1 −

R
E
xN )y = R

E
x +( y1 −

R
E
x0) Operating line

yj = kDxj Equilibrium line

You can choose one of these two equation depending upon what is specified (y1 vs yN+1)



11

Multi-staged Liquid-liquid extraction: graphical method 

0

x

y

y = R
E
x +( y1 −

R
E
x0)

y = R
E
x +( yN+1 −

R
E
xN )

y = kDx

(x1, y2)

xN x0

y1

(x2, y2)

(x1, y1)
(x0, y1)

(x2, y3)
(x3, y3)

yN+1

Equilibrium line

Operating line

Operating line

Equilibrium line
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Minimum solvent flow rate 

0

x

y

y = R
E
x +( y1 −

R
E
x0)

x0

yN+1

Equilibrium line

Operating line

Operating line

How operating line will change if I want to reduce the amount of solvent spent for extraction ? 
How will this change extract composition ( ) if one fixes desired ?y1 xN

xN

y1

ycase 2
1

ymin
1



Quiz
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What do points P and Q represent in the context of liquid-liquid extraction?

A. P is (x2, y1), Q is (x2, y2) 

B. P is (x1, y1), Q is (x2, y2) 

C. P is (x2, y1), Q is (x1, y2) 

D. P is (x1, y1), Q is (x1, y2) 

x

y

Equilibrium line

Operating line
P

Q

x0
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Cross-flow extraction from a dilute solution using an 
immiscible solvent 

Stage 1 Stage 2 Stage j Stage  
N-1

Stage  
N

Feed, F, x0

Solvent, E1, y1,in

Raffinate, R, xN

y1

x1

yj

xj-1 xjx2

yN-1

xN-2

yN

xN-1

y2

E2, y2,in Ej, yj,in EN-1, yN-1,in EN, yN,in

Dilute solution:  
A constant distribution ratio (Kd  = y/x) 

Ej,in = Ej, out 
F = R

Similar to CMO

At stage j 

1. xj and yj are in equilibrium 

2. xj-1, yj,in is part of the operating line

Kd = f(T, P, pH, x) y j = kDx j
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R, xj-1
Stage j

Ej, yj

R, xj

Ej, yj,in

Rx j−1 +E j y j ,in = Rx j +E j y j

Cross-flow extraction from a dilute solution using an 
immiscible solvent

Operating equation

Operating equation

y j = −
R
E j

x j +
R
E j

x j−1 + y j ,in
⎛

⎝
⎜

⎞

⎠
⎟

Each stage may have a different operating equation!

yj,in = −
R
E

xj−1 + (R
E

xj + yj)
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Cross-flow extraction from a dilute solution using an 
immiscible solvent 

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

y =
k D
x

x

y

y j = −
R
E j

x j +
R
E j

x j−1 + y j ,in
⎛

⎝
⎜

⎞

⎠
⎟

y1 = −
R
E1
x1 +

R
E1
x0 + y1,in

⎛

⎝⎜
⎞

⎠⎟

slope =
− RE

1

(x1, y1)

(x2, y2)

slope =
−
RE

2

slope =
− RE

2

(x3, y3)

(x4, y4)

(x0, y1, in)(x1, y2, in)
(x2, y3, in)

(x3, y4, in)

yj,in = −
R
E

xj−1 + (R
E

xj + yj)
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Concentrated immiscible extraction 

Dilute solution assumptions are no longer valid:  Kd = f(T, P, pH, x) 

Stage 1 Stage 2 Stage j Stage  
N-1

Stage  
N

Feed, R0, x0

Extract, E1, y1 Solvent, EN+1, yN+1

Raffinate, RN, xN

y2

x1

Ej, yj

Rj-1, xj-1 Rj, xj

Ej+1, yj+1y3

x2

yN-1

xN-2

yN

xN-1

y j+1 =
Rj

E j+1
x j +

EN+1
E j+1

yN+1 −
RN
E j+1

xN
⎛

⎝
⎜

⎞

⎠
⎟

Solution: Use flow rate of diluent and pure solvent.  
            Use mole ratio instead of mole fraction.

Flow rate of diluent = FD

Flow rate of solvent = Fs
For immiscible system,  

FD and FS do not change between stages

X j =
floworateoofosolute

floworateoofodiluent ,FD
⎛

⎝⎜
⎞

⎠⎟ j

=
x j

1− x j
Yj =

floworateoofosolute
floworateoofosolvent ,FS

⎛

⎝⎜
⎞

⎠⎟ j

=
y j

1− y j

Difficult to solve due to changing E and R

(Flow rate of solute in diluent)j = Rjxj = FDXj (Flow rate of solute in solvent)j = Ejxj = FSYj
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Concentrated immiscible extraction 

Kd = f(T, P, pH, X) 

Stage 1 Stage 2 Stage j Stage  
N-1

Stage  
N

FD, X0

Extract 
Fs, Y1

Fs, YN+1

Raffinate 
FD, XN

Y2

X1

Yj

Xj-1 Xj

Yj+1Y3

X2

YN-1

XN-2

YN

XN-1

Yj+1 =
FD
Fs
X j + Y1 −

FD
Fs
X0

⎛

⎝⎜
⎞

⎠⎟

FDX0 +FsYj+1 = FDX j +FsY1

Balance on solute for stage j

Yj+1 =
FD
Fs
X j + YN+1 −

FD
Fs
XN

⎛

⎝⎜
⎞

⎠⎟
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Kremser equation for analytical calculation  

Kremser Equation

N =

ln 1
A
+ 1− 1

A
⎛
⎝⎜

⎞
⎠⎟
y0 − yN+1
y0 − y1

⎛

⎝⎜
⎞

⎠⎟
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

lnA

y0 = kDx0

A= R
kDE

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

0.02

0.022

0.024

0.026

0.028

0.03

0.032

0.034

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02 0.022

x

y

x0

y = kDx

y1

y2

y3

y4

y5

x1x2x3x4

Δy1

Δy2

Δy3

Δy4

1

2

3

4

Opera
ting lineEqui

lib
riu

m
lin

e
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Kremser equation for analytical calculation  

Using equilibrium and operating lines

y j = kDx j

y j+1 =
R
E
x j + yN+1 −

R
E
xN

⎛
⎝⎜

⎞
⎠⎟

Δy j = kDx j −
R
E
x j +C

⎛
⎝⎜

⎞
⎠⎟

Δy j = y j − y j+1

0

0.002

0.004

0.006

0.008

0.01

0.012

0.014

0.016

0.018

0.02

0.022

0.024

0.026

0.028

0.03

0.032

0.034

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0.02 0.022

x

y

x0

y = kDx

y1

y2

y3

y4

y5

x1x2x3x4

Δy1

Δy2

Δy3

Δy4

1

2

3

4

Opera
ting lineEqui

lib
riu

m
lin

e

y1 − y5 = (y1 − y2) + (y2 − y3) + (y3 − y4) + (y4 − y5)

y j+1 =
R
E
x j +C

{

Δy1 = y1 − y2

Δy j = kD −
R
E

⎛
⎝⎜

⎞
⎠⎟
x j −C
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Kremser equation for analytical calculation  

Δy j − Δy j+1 = kD −
R
E

⎛
⎝⎜

⎞
⎠⎟
x j −C

⎡

⎣
⎢

⎤

⎦
⎥− kD −

R
E

⎛
⎝⎜

⎞
⎠⎟
x j+1 −C

⎡

⎣
⎢

⎤

⎦
⎥

Δy j = kD −
R
E

⎛
⎝⎜

⎞
⎠⎟
x j −C

Δyj is a simple function of xj

Δy j − Δy j+1 = kD −
R
E

⎛
⎝⎜

⎞
⎠⎟
x j − kD −

R
E

⎛
⎝⎜

⎞
⎠⎟
x j+1 = kD −

R
E

⎛
⎝⎜

⎞
⎠⎟
x j − x j+1( )

Δy j − Δy j+1 = kD −
R
E

⎛
⎝⎜

⎞
⎠⎟
y j
kD

−
y j+1
kD

⎛

⎝
⎜

⎞

⎠
⎟

Δy j − Δy j+1 = kD −
R
E

⎛
⎝⎜

⎞
⎠⎟
y j − y j+1( ) 1kD = 1− R

kDE
⎛

⎝⎜
⎞

⎠⎟
y j − y j+1( ) = 1− R

kDE
⎛

⎝⎜
⎞

⎠⎟
Δy j
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Kremser equation for analytical calculation  

Δy j − Δy j+1 = 1− R
kDE

⎛

⎝⎜
⎞

⎠⎟
Δy j Δy j+1 =

R
kDE

⎛

⎝⎜
⎞

⎠⎟
Δy j

y1 − yN+1 = Δy1 +Δy2 +Δy3 + .......+ΔyN−1 +ΔyN

y1 − yN+1 = ( y1 − y2)+( y2 − y3)+( y3 − y4 )+ .......+( yN−1 − yN )+( yN − yN+1)

R
kDE

= A ⇒ Δyj+1 = AΔyj

Δy2 = AΔy1 ⇒ Δy3 = AΔy2 = A2Δy1 ⇒ ΔyN = AN−1Δy1

⇒ y1 − yN+1 = Δy1 + AΔy1 + A2Δy1 + . . . . . . . + AN−2Δy1 + AN−1Δy1

⇒ y1 − yN+1 = (1 + A + A2 + . . . . . . . + AN−2 + AN−1)Δy1
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Kremser equation for analytical calculation  

Geometric series  1+ A+ A2 + A3 + ....+ AN−2 + AN−1 = 1− AN
1− A

⎛

⎝⎜
⎞

⎠⎟

y1 − yN+1 =
1− AN
1− A

⎛

⎝⎜
⎞

⎠⎟
A Δy0( )= 1− AN

1
A
−1

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
y0 − y1( )

1− AN
1
A
−1

=
y1 − yN+1
y0 − y1

1− AN
1
A
−1

+1 =
y1 − yN+1
y0 − y1

+1

1
A
− AN

1
A
−1

=
y0 − yN+1
y0 − y1

y1 − yN+1 =
1− AN
1− A

⎛

⎝⎜
⎞

⎠⎟
Δy1⇒ y1 − yN+1 = (1 + A + A2 + . . . . . . . + AN−2 + AN−1)Δy1

AN = 1
A
+ 1− 1

A
⎛
⎝⎜

⎞
⎠⎟
y0 − yN+1
y0 − y1

N =

ln 1
A
+ 1− 1

A
⎛
⎝⎜

⎞
⎠⎟
y0 − yN+1
y0 − y1

⎛

⎝⎜
⎞

⎠⎟
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

lnA
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Kremser equation for analytical calculation  

Kremser Equation

N =

ln 1
A
+ 1− 1

A
⎛
⎝⎜

⎞
⎠⎟
y0 − yN+1
y0 − y1

⎛

⎝⎜
⎞

⎠⎟
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

lnA

y0 = kDx0

A= R
kDE


